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Abstract The reaction force is a global property of a chemical reaction that arises
when applying the Hellmann–Feynmann theorem to the potential energy surface that
links reactants, products and transition states. In the present work, the reaction force is
defined rigorously from the cartesian components coming out from all forces exerted
over each atom of a molecular system during the chemical reaction; it is demonstrated
that the reaction force is a scalar property.

Keywords Reaction force · Reaction works · Reaction coordinate ·
Reactions mechanisms · Hellmann–Feynmann theorem

1 Introduction

The reaction force has been applied to understand the reaction mechanism of chemical
reactions [1,2], it has been used to define reaction regions along a reaction coordinate
in which different mechanisms might be operating [3–10]. It also provides the basis
for a rational partition of the activation energy which can be expressed in terms of two
contributions that are associated to the energy change taking place at different regions
along the reaction coordinate and being of different nature [5,6,9,10].
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The present paper establishes a formal definition of the reaction force, this concept
differs from the classical force concept in the sense that the reaction force is an sca-
lar quantity although it is rigorously defined from the Hellmann–Feynman theorem
[11,12].

2 Theoretical background

2.1 The reaction force

Any set of parameters characterizing the position of a mechanical system may be
chosen as a suitable set of generalized coordinates, in particular the positions of M
nuclei forming a molecule that are given by a set of cartesian coordinates, define a
good set of coordinates [13]:

{xa, ya, za}M
a=1

In general, a M-atoms molecule under m independent kinematical conditions can
be characterized by n = 3M − m independent parameters Q1, Q2, . . . , Qn in such
a way that the cartesian coordinates {xa, ya, za}M

a=1 of all nuclei are expressible as
functions of the variables {Qγ }n

γ=1:

x1 = f1(Q1, . . . , Qn)

y1 = f2(Q1, . . . , Qn)

z1 = f3(Q1, . . . , Qn)

· · · · · · · · · · · · · · · · · ·
xM = f3M−2(Q1, . . . , Qn)

yM = f3M−1(Q1, . . . , Qn)

zM = f3M (Q1, . . . , Qn).

The n parameters are the generalized coordinates that correspond to the 3M − 6 and
3M−5 internal coordinates for non–linear and linear molecules, respectively. Note that
any chemical reaction can be studied by analyzing the M !

(M−2)!2! interatomic distances

(∀M ≥ 2), or M !
(M−3)!3! plane angles (∀M ≥ 3) or M !

(M−4)!4! dihedral angles (∀M ≥ 4);
however the present analysis will be carried out using the well-known set of 3M − 6
internal coordinates [13].

A force acting over the ath-nucleus at ra = xa î + ya ĵ + za k̂ is a vectorial quantity:

Fa = Fxa î + Fya ĵ + Fza k̂, (1)

where Fxa , Fya and Fza are the cartesian components of Fa , the action of a force is
measured by the momentum produced by that force. The cartesian components of the
force associated to the ath–nucleus are given by:

123



J Math Chem (2009) 45:911–927 913

Fxa = − ∂U

∂xa

Fya = − ∂U

∂ya

Fza = − ∂U

∂za

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(2)

where U
({xa, ya, za}M

a=1

)
is the potential energy. The cartesian components of the

force can now be expressed in terms of the internal coordinates {Qγ }3M−6
γ=1 since:

−Fxa = ∂U
∂xa

= ∑n
γ=1

(
∂U
∂ Qγ

)
·
(

∂ Qγ

∂xa

)

−Fya = ∂U
∂ya

= ∑n
γ=1

(
∂U
∂ Qγ

)
·
(

∂ Qγ

∂ya

)

−Fza = ∂U
∂za

= ∑n
γ=1

(
∂U
∂ Qγ

)
·
(

∂ Qγ

∂za

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(3)

Assuming that the reaction coordinate corresponds to a well known internal coordinate,
Qβ , then the reaction force is:

Fβ = − ∂U

∂ Qβ

= −
M∑

a=1

{(
∂U

∂xa

)

·
(

∂xa

∂ Qβ

)

+
(

∂U

∂ya

)

·
(

∂ya

∂ Qβ

)

+
(

∂U

∂za

)

·
(

∂za

∂ Qβ

)}

= −
M∑

a=1

{
∂U

∂xa
î + ∂U

∂ya
ĵ + ∂U

∂za
k̂
}

·
{

∂xa

∂ Qβ

î + ∂ya

∂ Qβ

ĵ + ∂za

∂ Qβ

k̂
}

=
M∑

a=1

{
Fxa î + Fya ĵ + Fza k̂

}
·
{

∂xa

∂ Qβ

î + ∂ya

∂ Qβ

ĵ + ∂za

∂ Qβ

k̂
}

and therefore the reaction force reduces to:

Fβ =
M∑

a=1

Fa · ∂ra

∂ Qβ

(4)

As can be observed, the reaction force is not a vectorial quantity but an scalar one
because of the dot product involved in its definition. The reaction force is a sum of
products of all forces exerted on each nucleus ({Fa}M

a=1) times the relative change
between the cartesian position ra and the internal coordinate Qβ . Equation 4 indicates
that a functional relationship between each ra and Qβ should be known in order to
determine Fβ .
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As an example of the scalar nature of the reaction force, consider a chemical process
of dissociation (or formation) of a diatomic molecule, then the reaction coordinate is
Q1 = R ≡ |r2 − r1|, the interatomic distance, where r1 and r2 are the positions of
each nucleus in the cartesian space. The forces F1 and F2 acting on atoms 1 and 2 are
oriented in such a way that F1 is exerted from atom 1 toward atom 2 and F2 is exerted
from atom 2 toward atom 1. According to Newton’s third law of motion, F2 = −F1
during the whole dissociation process.

Let us now assume that the mathematical relationships between the pairs {r1; Q1}
and {r2; Q2} is unknown, then Eq. 4 cannot be used, however the Virial Theorem
[11,14,15] provides the equations to define the reaction force since:

Q
∂U

∂ Q
= R

dU

d R
=

2∑

a=1

{

xa
∂U

∂xa
+ ya

∂U

∂ya
+ za

∂U

∂za

}

(5)

Since the reaction force is defined as:

FR = −dU

d R

then the Virial theorem leads to:

−FR = 1

R

2∑

a=1

{

xa
∂U

∂xa
+ ya

∂U

∂ya
+ za

∂U

∂za

}

= 1

R

2∑

a=1

{
xa î + ya ĵ + za k̂

}
·
{

∂U

∂xa
î + ∂U

∂ya
ĵ + ∂U

∂za
k̂
}

= − 1

R

2∑

a=1

{
xa î + ya ĵ + za k̂

}
·
{

Fxa î + Fya ĵ + Fza k̂
}

= − 1

R

2∑

a=1

ra · Fa

= − 1

R
(r1 · F1 + r2 · F2)

= − 1

R
(r1 · F1 − r2 · F1)

= − 1

R
(r1 − r2) · F1

= 1

R
(r2 − r1) · F1

= 1

R
|r2 − r1| · |F1| · cos 0◦

= R

R
· |F1|

= |F1| �⇒ FR = − |F1| = − |F2|
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As shown in this dissociation example, the reaction force is an scalar quantity
because it is expressed in terms of a modulus of one of the forces acting over the
nuclei. For this particular case F is always negative. This is a mathematical support
for the analysis carried out by Politzer et al. [8] where it is mentioned that all disso-
ciation process has a negative minimum in its reaction force profile; from the equi-
librium point until the total dissociation, the reaction force profile exhibits negative
values.

The validity of Eq. 4 should be tested in such a way that the same result obtained
using the Virial theorem (FR = − |F1| = − |F2|) be retrieved.

This is shown as follows for the same diatomic molecule:

FR =
2∑

a=1

Fa · ∂ra

∂ R

= F1 · ∂r1

∂ R
+ F2 · ∂r2

∂ R

= F1 · ∂r1

∂ R
− F1 · ∂r2

∂ R

= F1 ·
(

∂r1

∂ R
− ∂r2

∂ R

)

= F1 · ∂ (r1 − r2)

∂ R

= −F1 · ∂ (r2 − r1)

∂ R

= − |F1| ·
∣
∣
∣
∣
∂R
∂ R

∣
∣
∣
∣ cos 0◦

= − |F1|

Therefore the reaction force corresponds to the negative of the modulus force exer-
ted over one atom.

Similarly, for systems with 3M − 6 degrees of freedom, the reaction force
can be readily determined when the reaction coordinate coincides with one and
only one internal coordinate, in such a case, the forces associated to the
remaining internal coordinates do not take part in building up the reaction
force.

Examples of those processes are torsional and inversion reactions, so that a total
force (F) can be considered as a vector of 3M − 6-components, one of them is the
reaction force Fβ associated to the βth-internal coordinate:

F = (F1, F2, F3, ..., Fβ, ..., F3M−6)

It is worth to mention that Eq. 4 applies on reactions with non–reversal evolution of
the reaction coordinate.
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2.2 Reaction works

Having the reaction force at hand, activation and reaction energies are readily obtained,
for instance the reaction energy is:

�U ◦ = −
QP

β∫

QR
β

Fβ dQβ

For an elementary step in which reactants are separated from the products by an energy
barrier, the reaction force profile presents two critical points, a minimum at Qmin

β

and a maximum at Qmax
β . The reaction coordinate is then divided into three reaction

regions: the reactant region:[QR
β ; Qmin

β ]; the transition state region:[Qmin
β ; Qmax

β ]; and

the product region: [Qmax
β ; QP

β ]. With this, specific amount of works can be calculated
by selecting different intervals within the domain of the reaction coordinate, thus
allowing a rational partition of the reaction energy and the energy barrier [4,9,16].
The relevant works involved during a chemical process are

W1 = −
Qmin

β∫

QR
β

Fβ dQβ ; W2 = −
QTS

β∫

Qmin
β

Fβ dQβ

(6)

W3 = −
Qmax

β∫

QTS
β

Fβ dQβ ; W4 = −
QP

β∫

Qmax
β

Fβ dQβ

such that

� U ◦ = W1 + W2 + W3 + W4

and

� U ‡ = W1 + W2

3 Results and discussions

In this section different kind of chemical reactions depicted in Fig. 1 are analyzed in
the light of the reaction force. It can be observed in Fig. 2 that the reactions under study
are a highly diverse group. There are dissociations of polar and nonpolar molecules;
inversions of isoelectronic molecules; internal rotations and a nucleophilic addition.
All systems were fully optimized at appropriate level of calculation using the the
Gaussian 03 package [17].
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Fig. 1 Different kind of chemical reactions used to illustrate the reaction force concept

3.1 Dissociation processes: CO and H2

Distinguished Reaction Coordinate (relaxed Scan) procedure at the UB3LYP/6-311++
G(d,p) level of calculations was used to analyze the dissociation of CO (R1) and H2
(R2) systems (Fig. 1). In both, R1 and R2, the reaction coordinate corresponds to the
bond distance R, Fig. 2.

Both reactions show similar shapes in their reaction energy and force profiles
(Fig. 3). The reaction force profiles allows one to define the inflection point of the
energy through detecting the position of the minimum located at Qmin

β (Table 1). As
shown recently [8], any dissociation process is divided into two phases: the initial
stretching of the bond X − Y implies an structural effect which is always followed
by separation into the fragments X and Y , near 20% of the dissociation energy cor-
responds to the stretching process characterized by W1 [8], Table 2. Despite the fact
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Fig. 2 Reaction coordinates for
the different reactions under
study: note that all reaction
coordinates coincide with one
internal coordinate

Table 1 Critical Qγ points located on the reaction force profile. For R1 and R2, are given in Å; from R3
to R7, are given in rad and for R8 , are dimensionless. Energies are given in kcal mol−1

Reaction QR
γ (ξR) Qmin

γ (ξmin) QTS
γ (ξTS) Qmax

γ (ξmax) QP
γ (ξP) �U‡ �U◦

R1 1.15 1.45 8.45 8.45 8.45 368.010 368.010

R2 0.75 1.15 10.00 10.00 10.00 174.189 174.189

R3 1.197 1.365 1.571 1.776 1.945 4.069 0.000

R4 1.213 1.378 1.571 1.763 1.928 2.438 0.000

R5 1.304 1.422 1.571 1.720 1.834 1.079 −0.001

R6 0.000 0.754 1.508 2.293 3.142 11.804 −1.074

R7 0.000 1.227 2.116 2.963 4.232 8.466 0.000

R8 (0.000) (0.535) (0.585) (0.651) (1.000) 53.081 −1.316

that CO and H2 are very different molecules, the calculated works indicate that they
provide quite the same percentage of the reaction energy at the minimum of the reac-
tion force [5,9]; the vibrational state reached when applying the energy W1 defines
an activated reactant that is ready for dissociation [18]. The remaining 80% of the
dissociation energy corresponds to W2 which is needed to put the atoms very far to
each other.

3.2 Inversions processes: NH3, CH−
3 and H3O+

RB3LYP/6-311++G(d,p) calculations were performed to analyze the inversion pro-
cesses corresponding to reactions R3, R4 and R5 (Fig 1), energy and reaction force
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Fig. 3 a Energy and b reaction force profiles for dissociation reactions

Table 2 Works (kcal mol−1) calculated from the reaction force profiles for the eight reactions under study

Reaction W1 W2 W3 W4 �U‡ �U◦

R1 72.12 295.90 — — 368.02 368.02

R2 32.73 141.46 — — 174.19 174.19

R3 1.87 2.20 −2.20 −1.87 4.07 0.00

R4 1.12 1.32 −1.32 −1.12 2.44 0.00

R5 0.49 0.59 −0.59 −0.49 1.08 0.00

R6 5.94 5.87 −6.30 −6.58 11.81 −1.07

R7 4.77 3.70 −3.70 −4.77 8.47 0.00

R8 43.155 9.926 −20.549 −33.848 53.081 −1.316
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Fig. 4 a Energy and b reaction force profiles for inversion reactions

profiles are displayed in Fig. 4. A pure internal coordinate which is considered as a
DRC was used as the reaction coordinate which corresponds to the angle θ defined in
Fig. 2.

All systems involved in the inversion reactions are isoelectronic and the most noti-
ceable difference among them is found in �U ‡ (Tables 1 and 2). Similarly to the
dissociation reactions, the partition of �U ‡ according to the set of Eq. (6) provides a
set of W1 (Table 2) values which correspond to an specific percentage of �U ‡, 46% ca.
thus indicating that for an umbrella inversion process there is a common fraction from
�U ‡ which is employed in order to overcome an specific amount of energy necessary
to activate the process. Once the activated reactant is reached the system evolves to
pass through the planar transition at QTS

β to achieve the inversion. After the transition
state, the molecule experiences nuclear arrangements to reach the maximum on the
reaction force profile whereas an energy W3 is released in order to reach the activated
product to finally relax to the product by releasing an energy W4.
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Among the six internal coordinates, the total force is characterized by two compo-
nents F = (Fr , Fθ ) in which Fθ is the reaction force. In all cases W1 corresponds
to 46% of the total activation energy and the ratio W2/W1 are 1.17, 1.18 and 1.20,
respectively [8].

3.3 Rotational isomerization processes: HONO and HOOH

The same level of theory used for the inversion processes was used to determine
the energy and reaction force profiles of the rotational isomerization processes, R6
and R7 displayed in Fig. 5. Although the total force has six components F ={

Fr1 , Fr2 , Fr3 , Fα1 , Fα2 , Fθ

}
, Fθ can be distinguished as being the reaction force;

the internal coordinate is the dihedral angle theta defined in Fig. 2 . The energy and

Fig. 5 a Energy and b reaction force profiles for internal rotation reactions
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reaction force profiles show a big difference between R6 and R7 (Tables 1 and 2),
reaction R6 is slightly exoenergetic whereas reaction R7 is isoenergetic the latter is
characterized by symmetric work values, as indicated in Table 2. For reaction R6, W1
is ca. 50% of �U ‡; whereas for R7 it is ca. 56% of �U ‡. Clearly, the kinetics aspects
are manifested on these two torsional reactions. R6 shows a higher �U ‡ value than
R7 and the works W1 should be related in the same way: W1(R6)> W1(R7), thus
indicating that the torsional process R7 needs less energy to activate the reactant than
R6. In reaction R6, W2/W1 = 0.99, whereas in R7 is 0.78. Accordingly the electron
rearrangements in R6 are more important than in R7.

3.4 Diels–Alder Reaction: a complex case

Consider the one–step mechanism of the Diels–Alder reaction R8. Its energy and force
calculated at the RHF/6-311G(d,p) level of theory following the internal reaction
coordinate procedure [19–21] are displayed in Fig. 6, note that in Fig. 6 the IRC
was normalized to a reduced reaction coordinate ξ in order to establish a reaction
coordinate domain from 0 to 1 (Table 1). Despite the reaction coordinate is not easy
to detect by monitoring the internal coordinates, three geometrical parameters are the
more relevant in contributing to the reaction coordinate, these are shown in Fig. 7;
these parameters were picked up because they show the best linear correlation with
the intrinsic reaction coordinate (IRC), Fig. 8.

Due to the complexity of a Diels–Alder reaction, the reaction force can be expressed
as a combination of local forces acting on different atoms and getting activated or
inhibited at the different reaction regions, then

F =
M∑

γ=1

Cγ Fγ (Qγ )

in particular Fig. 8 shows that the relevant components are:

F(Q) = Cr Fr (Q) + Cδ Fδ(Q) + Cε Fε(Q) (7)

where the coefficients can be determined by making use of the three boundary condi-
tions [Freaction(0) = Freaction(ξTS) = Freaction(1) = 0], under the condition Cr +
Cδ + Cε = 1; so that a 3×3 linear system of equation has to be solved in order
to get the coefficients. Those forces which are associated to the internal coordinates
r, δ and ε can be obtained by a simple numerical differentiation of the same energy
profile in relation to r, δ and ε, respectively. As a result, the coefficients are given
by:

Cr = Fδ(0) · Fε(1) − Fδ(1) · Fε(0)

Fr (0) · Fδ(1) − Fr (1) · Fδ(0) + Fδ(0) · Fε(1) − Fδ(1) · Fε(0) + Fε(0) · Fr (1) − Fε(1) · Fr (0)
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Fig. 6 a Energy and b reaction force profiles for Diels–Alder reaction; note that more than one internal
coordinate is necessary for building up the actual reaction coordinate

Cδ = Fε(0) · Fr (1) − Fε(1) · Fr (0)

Fr (0) · Fδ(1) − Fr (1) · Fδ(0) + Fδ(0) · Fε(1) − Fδ(1) · Fε(0) + Fε(0) · Fr (1) − Fε(1) · Fr (0)

Cε = Fr (0) · Fδ(1) − Fr (1) · Fδ(0)

Fr (0) · Fδ(1) − Fr (1) · Fδ(0) + Fδ(0) · Fε(1) − Fδ(1) · Fε(0) + Fε(0) · Fr (1) − Fε(1) · Fr (0)
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Fig. 7 Three geometrical
parameters considered as main
components of the reaction
coordinate for the Diels Alders
reaction

If more internal coordinates are involved, more boundary conditions should be

considered, as an example,
(

dFreaction(ξ)
dξ

)

ξ=ξmin
=

(
dFreaction(ξ)

dξ

)

ξ=ξmax
= 0.

Although this reaction presents a �U ◦ very close to zero, the energy profiles does
not show a symmetric shape. This is due to the fact that more than one geometrical
parameter can be considered as a reaction coordinate, as can be seen in Fig. 8.
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Fig. 8 Fig. 8 Relationships
between {δ, r, ε} and IRC;
positions of reactant, transition
state and product along the
intrinsic reaction coordinate,
IRC (or reduced reaction
coordinate ξ ) are indicated as R,
TS and P, respectively
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Activation evolves smoother than relaxation and the work (Table 2) associated
to reach the activated complex is W1 = 43.16 kcal mol−1 that corresponds to the
81% of the total energy barrier; within the transition state region an energy W2 =
9.93 kcal mol−1 is required to reach the transition state. Note that W3 � 2W2, so the
electronic reordering is more dramatic after the transition state when relaxing to reach
the product of the reaction.

4 Concluding remarks

The reaction force concept has been defined as an scalar property of chemical pro-
cesses, it helps understand reaction mechanisms and provides the basis for partitioning
the activation and reaction energies. In most chemical reactions the reaction coordinate
is given by the combination of two or more internal coordinates that can be chosen
by analyzing the correlation among the internal coordinates and the actual IRC that
comes out from the computational procedure.
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